Energies and Auger widths of the LL resonances in He-like ions from boron to argon are evaluated by means of a complex scaled configuration-interaction approach within the framework of the DiracCoulomb-Breit Hamiltonian. The nuclear recoil and QED corrections are also taken into account. The obtained results are compared with other calculations based on the complex scaling method as well as with the related results evaluated using the stabilization and basis balancing methods.
I. INTRODUCTION
Autoionizing states of atomic or ionic systems are the excited states which can decay due to the electron-electron interactions via emission of one (or more) electrons. A special place among such states is held by the levels of the LL resonance groups of He-like systems. The simplicity of these systems makes them attractive for both theoretical and experimental investigations. The investigations aimed at determining of the energies of these levels are of particular interest for plasma diagnostics [1] [2] [3] [4] , cosmological [5] and fusion research (see, e.g., the review [6] ). A new interest in studying the characteristics of the LL resonances was caused by the recent experiment [7] . In this experiment, a new level of accuracy for the energy of the autoionizing states of the He-like carbon ion was reached. Experimental data of such accuracy being complemented by the theoretical predictions of the same precision allow one to set these states as energy-reference standards at synchrotron radiation facilities. The precise theoretical predictions for the energies of the LL resonances are, therefore, highly demanded.
For the accurate evaluation of the energies of autoionizing states, which are strongly affected by electron correlations, the high-precision many-electron methods such as coupled-cluster and configuration-interaction are required. These methods, being successfully applied for the calculations of bound-level energies, however, fail when naively applied for the description of resonances.
The energies of such resonances show a strong dependence on the parameters of the basis set, e.g., the convergence of the resonance energy with respect to the number of basis functions, which is one of the basis-set parameters, is very weak or even absent. This is explained by the fact that the autoionizing states are embedded into the positive-energy continuum. As a result, they can not be described by square-integrable functions which form the basis set of the coupled-cluster and configuration-interaction methods. This problem can be naturally solved with the usage of the complex scaling approach which is based on the analytical properties of the spectrum of a Hamiltonian being dilated into the complex plane. The first mathematical analysis of these properties was performed in Refs. [8, 9] for the nonrelativistic Hamiltonian and in Refs. [10] [11] [12] for the relativistic one. In these works, it was shown that in the spectra of the dilated Hamiltonian the autoionizing states are separated from the continuum. The wave functions of these states, therefore, become square-integrable and can be investigated with conventional many-electron methods. That makes the complex scaling approach a powerful tool for studying for studying properties of resonances appearing in various systems and processes. As examples, the resonances of nuclei [13] [14] [15] [16] , few-electron systems [17] [18] [19] [20] [21] [22] [23] , and molecules [24, 25] were investigated with the usage of this method. More applications, as well as the details of the complex scaling approach, can be found in the reviews [26] [27] [28] [29] [30] [31] . It is also worth noting that the dilated Hamiltonian is not hermitian but symmetric operator with complex eigenvalues. The real and imaginary parts of the eigenvalues corresponding to the autoionizing states give the energies and Auger widths of the states, respectively.
Apart from the complex scaling approach, one can apply the stabilization or basis balancing methods. The stabilization method (SM) was pioneered by Hoiløien and Midtal [32] and was utilized in numerous investigations [33] [34] [35] [36] [37] . The basis balancing method (BBM) was worked out by Yerokhin with co-authors just recently [38] and was applied for the calculation of the energies of the autoionizing levels of Li-like ions in a wide range of the nucleus charge number [39] .
Both methods are applied to the conventional hermitian Hamiltonian and, as a result, only the real arithmetic is involved that provides a considerable computational advantage. However, the energy of the autoionizing state obtained within SM or BBM can differ from the exact one by a shift arising due to the inappropriate treatment of the interaction with the continuum. The advantages of these methods over the complex scaling approach, thus, can be completely lost in some cases. In view of the considerable progress in experimental accuracy for the energies of the autoionizing states [7] , the revision of the applicability of the SM and BBM is required.
In the present paper, we apply the configuration interaction (CI) coupled with the complex scaling (CS) approach to solve the Dirac-Coulomb-Breit (DCB) equation for LL resonances of He-like ions in the range from boron to argon. The configuration space is spanned on the oneelectron Dirac orbitals being constructed from the B-splines. The DCB energies are supplemented with the quantum electrodynamics (QED), nuclear recoil, and frequency-dependent Breit corrections. We also estimate the difference of the energies obtained within the SM and BBM with ones calculated employing the complex scaling approach. In case of the 2s 2 level of the He-like carbon ion, it is found that the energy difference between these three methods exceeds the uncertainty reached in the recent experiment [7] .
Units m e = = 1 and the Heaviside charge unit (e 2 = 4πα) are used in the paper.
II. BASIC FORMALISM
We start with the formulation of the basic principles of the configuration-interaction with complex scaling approach for the solution of the few-electron DCB equation (for the detailed description see, e.g., the review [31] ). Here we considere the simplest variant of the CS, namely, the uniform complex rotation. In this case, the radial variable r is transformed as
with θ being a constant rotation angle. This transformation leads to the following complex rotated DCB Hamiltonian
Here N stands for the total number of the electrons and h
D is the scaled one-electron Dirac Hamiltonian given by
with α and β being the Dirac matrices, p is the momentum operator, and V nuc is the nucleus potential. In the present paper, we use the spherical model of the nucleus which is transformed in accordance with the rule (1),
In accordance with Eq. (2) the Coulomb and Breit interelectronic-interaction operators are given by
respectively. In Eqs. (5) and (7),r jk = r jk /r jk with r jk = r j − r k and r jk = |r jk |. Having performed the complex rotation of the DCB Hamiltonian (2) we now proceed to the construction of its eigenfunctions.
As in the conventional CI method [40, 51] , the N-electron eigenfunction Ψ(P JM) with the parity P , total angular momentum J, and its projection M is expressed as a linear superposition of the configuration-state functions (CSFs) Φ(γ r P JM)
where γ r stands for all additional quantum numbers which determine uniquely the CSF. The
CSFs are eigenstates of the total angular momentum operators J 2 and J z , constructed from antisymmetrized products of one-electron Dirac orbitals. Here these orbitals are chosen to be the solutions of the scaled one-electron Dirac Hamiltonian (3) of the form
where κ = (−1) l+j+1/2 (j + 1/2) is the Dirac quantum number determined by the angular momentum j and the parity l and Ω κm is the spinor spherical harmonic [41] . As usual in accordance with the basic principles of the relativistic theory with the DCB approximation, the CSF are constructed only from positive-energy one-electron Dirac orbitals.
As already mentioned, autoionizing levels after the complex scaling are described by the square-integrable and localized wave functions. To good accuracy these wave functions can be represented by the corresponding solutions of the scaled DCB equation in a spherical cavity of a finite radius. In the present paper, this equation is solved using the dual-kinetic-balance finite basis set method [42] with the basis functions constructed from B-splines [43, 44] ,
III. RESULTS AND DISCUSSIONS
A.
Comparison of the stabilization and basis balancing methods with the complex scaling approach
Let us start with a brief description of the principles of the stabilization and basis balancing methods, which are applied to the conventional (hermitian) Hamiltonian. In the SM [32] , the basis-set parameters are chosen in such a way to provide a minimal value for the rate of change of the energy with respect to a variation of these parameters. In the framework of the BBM [38] , one needs to manipulate the basis to place the resonance just in the middle between the closest quasi-continuum states in the energy scale. Both these methods utilize the advantages of the finite basis set constructed from the square-integrable functions. As already was mentioned, such basis set functions cannot properly describe the contribution of the continuum to the autoionizing states. That is expressed in the energy shift of the state from the exact value. The size of this shift is, however, strongly resonance-dependent and may be negligible in some cases. Here we estimate the difference between the results of the complex scaling approach with ones from the stabilization and basis balancing methods considering the state which is known to be significantly coupled with the continuum, namely, 2s 2 autoionizing state of the He-like carbon ion (Z = 6).
For this purpose, we choose the radial grid, which uniquely defines the basis functions constructed from the B-splines, as in Ref. [38] :
where A = ln (t max /t 0 ), t max is the radial size of the spherical cavity, t 0 is the radius of the nucleus, and γ is the basis set parameter. The energies of the autoionizing and quasi-continuum states depend strongly on the parameter γ and form γ-parametric trajectories, which are analyzed in accordance with the SM and BBM. For the sake of simplicity, we include only the CSFs being constructed from one-electron s and p Dirac orbitals. As was discussed in the preceding section, in the uniform complex rotation approach, the Hamiltonian depends on the θ parameter. Energies of the bound and quasi-bound states in this method are, however, θ-independent for θ c θ < π/2 where θ c is the critical angle given by [8, 45] 
Here Γ and E are the Auger width and energy of the level of interest, respectively, and E t is the autoionization threshold energy, which for the 2s 2 state is provided by the ground state of the corresponding H-like ion. It should be noted that the energies do not depend on θ only if the complete or large basis set is utilized. In practice, however, one has to deal with an incomplete basis set that requires a search of an optimal angle for the uniform complex rotation. This angle corresponds to the stationary point of the θ-parametric energy curve in the complex plane. In our case, one needs to find the stationary point of the (γ, θ)-parametric energy surface in the complex plane. That is equivalent to the search for the minimum of the function We now turn to the investigation of the convergence of the results obtained within the SM, BBM, and CS methods with respect to the number of basis functions. Table I presents The calculations within the stabilization and basis balancing methods are performed for the γ parameter varying from 0.3 to 0.5. In Table I , we present the average values of the energies originating from different energetic curves corresponding to this γ interval (see Fig. 1 ). The uncertainty reflects the dependence of the results on the choice of the curve. From Table I , it is seen that the BBM results stronger depend on the energetic curve than the SM ones. It can be due to the fact that in the BBM the resonance position is balanced with respect to the closest quasi-continuum states whereas in the SM the whole spectra is effectively taken into account.
For both methods, the dependence on the energetic curve strongly masks the convergence with respect to the number of basis functions and gives the main source of the uncertainty. The calculations within the CS approach are performed for γ varying from 0.3 to 0.5 and θ varying in the range between 20
• and 25
• . The dependence of the energy on the γ and θ parameters forms the uncertainty indicated in Table I . It is seen that the energy obtained within the CS approach exhibits extremely fast convergence with respect to the number of basis functions. It is also seen that the energies obtained within the SM and BBM differ from the one calculated using the complex scaling approach by more than 1 meV and 10 meV, respectively, the values which actually define accuracy limits of the SM and BBM. We note also that, working with SM and BBM, one needs to re-select the basis set parameters each time when the number of the basis functions is enlarged. The necessity of this procedure drastically increase the number of required computation time and, thus, strongly reduces the advantage of the real arithmetic.
B. Energies and Auger widths of the LL resonances
We now apply the configuration-interaction complex-scaling method for the calculation of the [38, 46, 47] . An example of such uncertainty analysis is presented in Table II for the 2s 2 state of the carbon (Z = 6) ion. 
into the DCB Hamiltonian. The nuclear recoil correction to the energy of the particular LL resonance is given by the first-order perturbation theory with respect to this additional term [51] .
As already mentioned, in addition to the nuclear recoil corrections we supplement the complex rotated DCB energies with the QED corrections. The ab initio evaluation of these corrections still remains a challenging task even for He-like systems for which the methods of the QED calculations are currently well established (see, e.g., [52] [53] [54] and references therein). It is also worth to mention that to the best of our knowledge no attempt was made to compute the twoelectron QED effects on the energies of the autoionizing states. In the present paper, we evaluate the QED corrections utilizing the model QED operator [55] , constructed with the usage of the QEDMOD package [56] . We evaluate the QED correction as the difference between the CI results obtained with and without the model QED operator included into the DCB Hamiltonian. This approach has shown its efficiency in numerous investigations [38, 39, 47, 57] . However, in the QED model operator method, the screened QED corrections are taken into account only approximately.
These corrections as well as the QED part of the two-photon-exchange contributions give rise to another source of uncertainty. We also note that the frequency-dependent Breit correction was found to be of minor importance for systems under investigation and, therefore, its contribution can be omitted. In Table IV , we compare some of our results with other nonrelativistic [59] and relativistic calculations [7] . In Ref. [59] , the calculations were performed using the complex scaling technique in combination with Hylleraas-type functions without taking into account the QED corrections.
Since the nonrelativistic method cannot resolve the fine structure of the 2s2p resonance, for our three values for the 2s 1/2 2p 1/2 (J = 0, 1) and 2s 1/2 2p 3/2 (J = 2) states there is only one corresponding value of Ref. [59] . As one can see from the table, our results are in reasonable agreement with the nonrelativistic ones. We also compared the values obtained for the carbon ion (Z = 6) with the recent relativistic calculations of Ref. [7] . These calculations were performed employing the many-body perturbation theory in an all-order formulation with the complex scaling technique (see Ref. [31] and references therein). The QED corrections were taken into account using the Welton method which is different from the QED model operator approach.
However, the results of Ref. [7] are in excellent agreement with our values. The nuclear recoil and QED corrections were evaluated separately and added to the complex rotated Dirac-Coulomb-Breit energies. As the result, the most accurate theoretical predictions for the energies of the LL resonances are obtained. In most cases, the accuracy of the total results is limited by the uncertainties from the higher-order QED corrections.
